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Purpose of the course 

The course aims to supply students interested in applying mathematical modelling to 

systems that display “hybrid” characteristics, for example systems that have both 

continuous and discrete components. A very simple example of such a system is a 

thermostat. The course will present examples of systems from engineering and from 

the biosciences. The aim is to cover sufficient mathematical background to enable the 

students to pursue further research in hybrid systems. The course will concentrate 

primarily on the tools for modelling hybrid systems. It will also provide examples 

from several areas where the modelling can be applied, for example in engineering 

and systems biology. 

Potential audience 

Students studying both pure and applied mathematics and who are interested in 

approaches which combine elements of both. Students studying engineering or 

biological science will find the mathematical techniques and examples highly relevant 

to their discipline. Hybrid systems are involved in control of both mechanical and 

biological systems. Insights from both applied and pure mathematics can provide 

tools to understand such systems in new ways. Specialist mathematical skills are not 

essential, students will be able to pursue the topics introduced in a variety of ways, 

some closer to the physical understanding of the topic, some more mathematical and 

formal in nature. 

Structure of the course 

There will be 20 lectures on topics defined below and 10 tutorial sessions of one hour. 

There will be an assessed project due after the end of the lectures. More details of 

syllabus and assessment are given below.  

CICADA and course tutors 

The course tutors are all involved in the CICADA project. Details of CICADA and 

the research interests of the tutors can be found at  

http://www.cicada.manchester.ac.uk 

 

Reading list  

Each topic will have a reading list supplied by the tutors for each topic and introduced 

in the lectures. The lectures and the reading list will be available on the course 

website which is on the CICADA web site 

 

http://www.cicada.manchester.ac.uk/introductionmodelling.php 

 

It is the intention of the course tutors to collaborate and to produce a book covering 

and extending the material given in the lectures. This will become the major source of 

background reading and the references to recommended reading will be included in 

the book chapters.  

 

Assessment 

Assessment will via a project chosen by the students from one of the course topics. 

This should be different from the main topic of their PhD, so if this falls within the 

http://www.cicada.manchester.ac.uk/
http://www.cicada.manchester.ac.uk/introductionmodelling.php


scope of one of the topics, they would be required to select a project from one of the 

other topics.  

 

The project could be review of the literature in the field covered by the topic, it could 

be an investigation of a problem using the modelling methods taught in the course. In 

both cases the assessment would be of extended essay backed by appropriate material, 

e,g. software if this has been used to solve a problem.  

 

The project will be supervised and assessed by two of the tutors independently, and 

will be required to be delivered within an agreed period after the end of the course 

(this can be by discussion with the relevant MSc committee). One of the assessors 

will normally be the students project supervisor, however there will be a moderation 

meeting of all tutors to harmonise the assessment  

 

Syllabus 

 

1. Examples  and Introduction to Hybrid Systems                                  4  hours 

Examples of hybrid systems, the types of problems and questions and the difficulty of 

using ‘standard’ tools. Overview of the topics to be addressed in the course.  This 

topic will introduce and define the fundamental concepts used in the rest of the 

course: different spaces (discrete/continuous etc), ideas of time, more abstract 

definition of hybrid systems – guards, control, synchronous/asynchronous time, 

stochasticity 

 

 

2. Dynamics and stability                                              3 hours 

Simple examples of ways in which switches change behaviour, more examples, 

Indication of general approaches. Discussion of issues of scalability or lack of 

scalability. Examples from the study of non-smooth dynamical systems.   

 

 

3. Verification                                     3 hours 

Reachability: what is it? Why are we interested with reference to examples. Model 

checking: definition of hybrid automaton. Transition systems, and associating a 

transition system to a hybrid automaton. Definition of bisimulation. Proof that 

bisimulation preserves reachability and the advantages of a finite bisimulation.  

Algorithms for reachability and bisimulation. Example: for a spiralling linear vector 

field, the bisimulation algorithm doesn’t terminate (from ‘o-minimal hybrid systems’. 

Brief informal discussion of undecidability, illustrated by a  2-rate timed system (from 

‘The algorithmic analysis of hybrid systems’). Decidability of reachability for timed 

automata (via region graph bisimulation) adapted from ‘Timed automata’ 

 

4. Simulation in Systems Biology                                  3 hours 

This theme will present biological systems as examples of hybrid systems and will 

demonstrate how such systems can be simulated. The topic will discuss the different 

methods of simulation of the reaction pathways involved in systems biology and will 

discuss how hybrid modelling arises from the tension between the desire to model the 

reactions stochastically based on a model of interacting molecular species and the 

need to achieve solutions within a reasonable time which involves modelling parts of 



the system using systems of differential equations. The model assumptions behind the 

different software packages used in systems biology will be presented and discussed. 

 

 

5. Model Simplification                                                  3 hours 

The continuous part of a hybrid system is often modelled by a dynamical system of 

infinite dimension. In order to simulate this numerically the problem must be 

discretized and if possible the dimension of the state space reduced.  We will discuss 

the use of discretization in the simulation of continuous systems and also the 

discretization methods and the mathematical structures they produce (e.g. large sparse 

matrices). We will then describe how such discrete models can be reduced using two 

main methods, the first deriving from numerical analysis of the matrices produced by 

the discretization and the second based on the geometric structure of the trajectories 

of the system. Examples will be given of the use of both methods. 

 

 

6. Algebraic Techniques                                                                                4 hours 

Maxplus, Petri nets (discrete space and cts time), large reaction networks, connections 

with optimization and hybrid models. 

 

 

 

 

 

       


